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Abstract-To investigate the influence of the temperature boundary condition of the third kind on the 
magnetohydrodynamic heat transfer in the thermal entrance region of a circular duct, the energy equation is 
solved by applying the Gale&in-Kantorowich method of variational calculus. The fully developed velocity 
profile is assumed and the heat generation within the fluid is neglected1 It is concluded that there can be a 
significant influence of the Biot number on the local Nusselt number. Representative results are depicted in 

tables. 

NOMENCLATURE 

channel cross section; 
magnetic induction ; 
Biot number, equation (4); 
a matrix, equation (9); 
a vector, equation (6); 
Hartmann number, equation (4); 
number of terms in a series ; 
Nusselt number, equation (15); 
Peclet number, equation (4); 
Prandtl number, equation (4); 
a vector, equation (11); 
Reynolds number, equation (4); 
temperature; 
a matrix, equation (9); 
tube radius, Fig. 1; 
specific heat at constant pressure; 
hydraulic diameter ; 
a function, equation (6); 
a function, equations (19), (20); 
heat-transfer coefficient; 
overall heat-transfer coefficient; 
pressure ; 
heat flux ; 
radial coordinate; 
characteristic value; 
velocity; 
axial coordinate ; 
matrix ; 
column vector. 

Greek symbols 

Pa eigenvalue, equation (18); 

Yl* dynamic viscosity; 
1, thermal conductivity; 

fl5 magnetic permeability; 
v, kinematic viscosity; 

Pp mass density; 
0, electrical conductivity. 

Subscripts 

ambient ; 
running index ; 
mean value ; 
radial coordinate direction ; 
wall ; 
axial coordinate direction ; 
prescribed value. 

Superscripts 

dimensionless quantity, equation (4); 
(d/dZ), equation (9). 

INTRODUCTION 

IN THE previous analysis on the magnetohydrody- 
namic (MHD) laminar forced convection heat transfer 
in the thermal entrance region of a circular duct, the 
boundary condition of the second kind characterized 
by the prescribed wall heat flux is assumed [I]. A more 
realistic condition in many applications, however, will 
be the temperature boundary condition of the third 
kind: the local wall heat flux is a linear function of the 
local wall temperature. This situation is encountered 
in the heat-transfer process, where the radiative heat 
transfer, describable in terms of Newton’s law of 
cooling, occurs at the channel wall and is, to the 
author’s knowledge for the MHD flow in a circular 
duct, not reported in the literature. 

The objective of the present paper is to investigate 
the MHD laminar forced convection heat transfer in 
the thermal entrance region of a circular duct for the 
temperature boundary condition of the third kind. 
Assuming constant fluid properties and fully de- 
veloped Hartmann flow, the energy equation is solved 
by employing the Galerkin-Kantorowich method of 
variational calculus. Since the main concern of this 
analysis is with the influence of the finite wall thermal 
resistance on the heat transfer, the axial heat con- 
duction and the heat generation within the fluid are 
not considered. 
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Consider steady, fully developed laminar MHD 
ffow in a circular duct (Fig. I). For the region I 3 0, 
where a constant ambient temperature is maintained, a 
uniform magnetic field is imposed perpendicular to 
tlow direction and no external electric field is applied. 

i._. ~___-__~‘zc ___----) 
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FIG. I. Circular duct under investigation 

The tlow considered is similar to the Hartmann flow in 
a Rat channel, the Hall effect and induced magnetic 
fields are omitted. Assuming constant fluid properties 
and neglecting the heat conduction in flow direction 
and the heat generation within the hid, the Iaminar 
forced heat convection subject to boundary condition 
of the third kind for temperature can be described by 
equations [ 1.21: 

!,(I?, ) = - Re(d@/du) + (1 !r)(d$Jdr) 

+ (d”tl,!d%) - (Nu)2v, = 0, (I ) 

L(7) = pe~_~(~‘~lo?.u)-(l/~)(E’f’li;r) 

- (i2-rw) = 0, (2) 

x=0: I-= To, T= I, p=p(); 

\--+ cc: T+ r,, T-to; 1 
v=(): &,,‘&=O ?~/‘irir=O; ? i 0) 

I- = 1 : iT_, = 0, (~~~~~)~~(~- T,) = 0, i 
(2 QgF) + Bi P = 0 ; i 

where k is the overall heat-transfer coefficient based on 
the wall thermal resistance and on the ambient side 
surface resistance. The dimensionless quantities em- 
ployed are 

iT I z 1’ ./c \. *,m- G,,, = (1 /A) 
! 

u, d/4, 
. A 

r, = (It-- P,)i@&J. 
/ 

‘i; = (T- r,)!qTo - ?;), 
) 
/ 

Re = u~<,~c/\*. Pr = tyq’:., 

Nu = cB”(oj~)‘~z. / 

Pe = RePr = pu,,,ccpi2~, Bi = ck/l. ,l 

The solution of the momentum equation (I ) is 

p,L = Ha[I,(HLI) -I,(Nu$J/ ‘1 

[IId, - 21, (Hu)], 

-Re(dfi/d.?) = (Ha)“I,(Hu)/ ! i 

INnl,(HN)--~,(HfI)], / 

[.A.“, = 1. 

where I, and I, are modified Bessel functl~~r~s of rtrdcr 
zero and one respectively. 

To solve the energy equalIOn 111. ibc 
Galerkill-Kantorovvich method of variationa! c:il- 
cuius is employed, which allows to reduce a p;~rtl;ll 
differential equation to an ordinary OIIC 13 j. i..zr (III: 
approximate temperature field be 

where J,, and J, are Bessel functions of first kind oi 
order zero and one respectively. The characteristic 
values s, are to be determined so that the boundar? 
condition is satisfied. Taking the energy equation (2 I 
with the natural boundary condition (.3) as the Euler 
equation of the variational formulation, one may solve 

to evaluate the unknown functions f,l XJ. With 

from equations (2 f and (7), one cm derive a system OL 
ordinary differentiai equations for 1; <IS follows (for 
details see Appendix ) 

Pe[D]jF’j = [W];F;. { ‘! I 

To calculate the value of/i at the channel entrance. one 
may use the condition 

From equations (6) and (lo), one can deduce a system 
of algebraic equations for r,(.? = 01 as follows (for 
details see Appendix) 

[D]:F(..x = 01) =I :R: (111 

The characteristic quantities describing the heat trans- 
fer at the duct wall are 

3. RESULTS 

To investigate the influence of Riot number on thr: 
MHD heat transfer in a circular duct, equations (9) 
and (I 1) were solved by employing the standard 
CrankkNicolson procedure for the different values ot 
Hartmann number. 
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Slugflow (Ha --t co) 
For Bi > 0, one can derive an analytical expression 

for the temperature field as [4] 

T = 2 CexP(-s~~/~e)J*(sr‘)Jlis,i 
sj[J;(sj) iJT(Sj)] 

BiJ,(sj; - SjJl (Sj) = 0. 

’ 

1 

(17) 

The special case of Bi -+ 0, which corresponds to the 
case of constant wall heat flux, cannot be treated with 
equations (6) and (17), since the wall heat flux tends to 
zero. For the case of constant wail heat flux, one can 
deduce an analytical expression for the temperature 
field as [4] 

Jl (Pj) = O. J 
For the same case, the temperature field is approxi- 
mated with only a single unknown function g(n) in [l] 
as 

T- To 
____ = WlPe+Pf2/(g+2)-2/[(g+2)(g+4)]. 
%I~ 

WW 

The function g(X) was determined by employing the 
Gale&in-Kantorowich method of variational cal- 
culus as 

(Z/Pe)= (1/8)ln(l+4/g)-(1/18)ln(l+3/g) 

-ir/2)/(g+4)+(f!6)/(g+3). U9b) 

To assess the accuracy of the present local Nusselt 
numbers, they are compared with the results based on 
equations (17) to (19) for the extreme values Bi in 
Table 1. It was found that the accuracy of the results 
depends strongly upon the number of terms con- 
sidered in equations (6), (17) and (18): closer a location 
to the channel entrance, larger the number of terms 
required to achieve a good approximation for this 
location. From Table 1, one can conclude that the 
present local Nusselt numbers for Bi < 1 are very close 

to those for constant wall heat flux, For the special case 
of constant wall temperature (Bi + co) and for Bi < 1, 
it can be inferred that the present local Nusselt 
numbers based on the first twenty terms in equation 
(6) agree well with the results based on the first fifty 
terms in equation (17) and equation (18) respectively 
for (Z/Fe) > 0.~5. This accuracy seems to be reason- 
able for the engineering purposes. 

The Nusselt numbers based on equation (19) are 
also included in Table 1. They agree fairly well with the 
results based on equation (18). 

Table 1. Local Nusselt numbers for slug flow and different values of Bi 

R-1 co 
N = 50 in 

.f/Pe equation (17) 

co 100 10 1 

N = 20 in equation (6) 

0.1 0.01 Constant wall heat flux 
N=50in 

equation (I 8) [I] 

0.0002 81.36 64.79 82.41 111.4 117.1 If7.7 
O.ooOS 52.07 49.73 59.75 76.60 80.42 80.84 
O.oQI 37.32 37.12 42.76 54.58 58.01 58.41 
0.002 26.87 26.87 29.89 38.42 41.67 42.07 
0.005 17.67 17.66 18.95 24.20 27.17 27.58 
0.01 13.07 13.07 13.75 17.20 19.91 20.33 
0.02 9.883 9.882 10.24 12.44 14.85 15.28 
0.05 1.237 7.236 7.393 8.544 10.54 10.99 
0.1 6.179 6.177 6.264 6.956 8.626 9.099 
0.2 5.817 5.816 5.871 6.319 7.690 8.173 
0.5 5.783 5.783 5.834 6.230 7.458 7.937 
1.0 5.783 5.783 5.834 6.230 7.456 7.935 

- 

117.8 126.1 124.7 
80.88 80.91 79.75 
58.45 58.55 57.09 
42.11 42.20 41.09 
27.62 27.71 26.94 
20.37 20.42 19.87 
15.32 15.36 14.96 
If.04 11.29 10.83 
9.154 9.165 9.054 
8.231 8.234 8.216 
7.996 8.022 8.003 
7.993 8.002 8.000 

Table 2. Local Nusselt numbers for Hagen-Poiseuille Row and different values of Bi 

.f/Pe 
Bi 3 co 

[51 
a) 100 10 1 

N = 20 in equation (6) 
0.1 0.01 

~~ ~- 
Constant wall heat flux 

c51 Cl1 

0.0002 28.25 29.51 30.14 32.78 34.40 34.62 34.64 34.51 33.79 
0.0005 20.62 20.64 21.25 23.64 25.09 25.30 25.32 25.52 24.71 
0.001 16.25 16.30 16.71 18.45 19.77 19.99 20.01 20.17 19.51 
0.002 12.82 12.84 13.11 14.39 15.59 15.80 15.82 15.81 15.40 
0.005 9.395 9.399 9.548 IO,38 Il.41 d62 il.65 II.75 11.32 
0.01 7.470 7.471 7.567 8.154 9.055 9.269 9.293 9.379 9.021 
0.02 6.002 6.002 6.063 6.472 7.249 7.466 7.491 7.494 7.174 
0.05 4.641 4.639 4.673 4.922 5.550 5.771 5.798 5.845 5.657 
0.1 4.005 4.004 4.026 4.194 4.718 4.940 4.968 5.007 
0.2 

4.892 
3.710 3.709 3.724 3.838 4.262 4.481 4.510 4.514 4.490 

0.5 3.657 3.657 3.669 3.763 4.126 4.334 4.363 4.370 4.372 
1.0 3.657 3.657 3.669 3.763 4.124 4.331 4.360 4.364 4.364 



-_ 
Table 3. Local Nusselt numbers for dilkreilt values of IIc~ and Bi 

_.__.~_ ..-_.____ _ 

\ :f’r Hi * % 

- 

0.0005 24.w 
0.00 I 20.10 
0.002 15.08 
0.005 10.61 
0.01 8.3Y1 
0.02 6.707 
0.05 5.162 
0.1 4.454 
0.2 4.143 
0.5 4.094 
1.0 4.094 

28.22 
‘3.82 
IX.53 
12.80 
9.974 
7.896 
6.015 
5.178 
4.837 
4.793 
3.7’13 

30.75 
26.6Y 
2 I .40 
14.83 
I 1.34 
X.829 
6.607 
5.649 
5.282 
5.240 
5.230 

32.92 
28.9X 
33.61 
16.3Y 
17.33 
9.433 
6.94Y 
5.918 
5.543 
5.505 
5.505 

3.71 11.51 
19.82 31.64 
14.14 t h.52 
I I.10 17.7x 
7.919 9.404 
6.537 7.83X 
i.Y55 7 (152 

5.867 6.X56 
.5.866 6.854 

In Table 2, the local Nusselt numbers are depicted 
for the Hagen-Poiseuille flow. Shah [S] calculated the 
local Nusselt numbers for the case of constant wall 
temperature (Bi --f co) and for the case ofconstant wall 
heat flux (Bi -+ 0) by employing first 121 terms in 
Graetz---Nusselt type series solution. His results are 
also inserted in Table 2, from which one can conclude 
that the present results based upon first twenty terms 
in equation (6) agree wet1 with the Shah’s results based 
on 12 I Eigenvalues for (.~jPr) > O.OOO1. 

For the case of constant wall heat flux, an approxi- 

0. t 0 01 

31.43 
33.49 
t 7.w 
13.19 
10.50 
x.434 
6.500 
5.579 
s 079 
4.93 t 
3.9x 

35.84 
35.78 
‘7.05 
IX.97 
14.81 
11.73 
X.89.! 
7.564 
6.8X0 
6.7 I1 
(I.71 1 

53.67 
41.x9 
.?I.87 
ll.Y3 
lh.X4 
13.11 
9.166 
X.226 
1.453 
7.25-t 
7.252 

mate solution similar to equation (19) is given in 1 I] 
as foliows 

( T- 7;) )i(C,Y,,,/ i) ‘I 
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The function g(X) was determined by employing the 
Galerkin-Kantorowich method of variational cal- 
culus. 

From Table 2, one can conclude a satisfactory 
agreement between the Nusselt numbers based on 
equation (2) with the present results for Bi < 1 and 
with the results reported by Shah [5]. 

HartmannJlow (0 < Ha < co) 
In Table 3, the local Nusselt numbers are presented 

for a few arbitrarily selected values of Ha and Bi. Here, 
only first ten terms in a series solution (6) were selected 
to save calculation time, since no substantial difference 
between the results based on first twenty terms and the 
results based on first ten terms in equation (16) for 
(.?/Pe) > 0.0005 was observed. The results given in 
Table 3 cannot be compared, as no similar analysis is, 
to the author’s knowledge, reported in literature. 
Based on the conclusion from Tables 1 and 2, the local 
Nusselt numbers for Bi < 1 are expected to be very 
close to those for the constant wall heat flux. 

Finally, from the results obtained, one caninfer, that 
there can be a significant influence of the finite wall 
thermal resistance on the magnetohydrodynamic heat 
transfer in a circular duct and the analysis of the 
problem by neglecting this effect may result in con- 
siderable error in the solutions representing the actual 
physical situations. 

1. 

2. 

3. 

4. 

5. 
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APPENDIX 

The elements of the vectors and matrices occuring in 
equations (9) and (11) are listed below. 

i= 1,2,...N. 

j= 1,2,...N. 

a = sir b = sj, c = aZ-b2, 

y. = Jo(a), Y, = J1(a), Y, = JAa), 

zv = I,(b), z1 = .Jl(b), zZ = J2(b). 
1 

t, = 
.I 

J,(a?))rdF = yJa. 
cl 

I 

1 
t, = J,(a?)? dF = (-4y, +a*~, +2ay,)/a’. 

0 

s 

1 
41 = J,(a~$J,,(bF))rdf 

= ;:+Y:),2, ifa=b; 

= (ay,z, - by,z, )/c, if a # b. 
1 

P1 = 
s 

J,,(a$Jl(bF)r‘? dr 

= (Ipo+YJY1i4, ifa=b; 

= Tay,z, +by0z0)lc-2bq,lc, if a # b. 

s I 

P2 = J, (af)-)J,(bf)?ddr 
0 

= (Y,+y*)Y,/43 

= -(by,z, +ay0z0)/c+2aq1/c, 

ifa=b; 

if a # b. 

s 1 

q3 = J,(a+l,(bF)? dr 
0 

= (Y~+Y:)/~-(Y:+Y:)/~~, ifa=b; 

= (ay,z,-by,z,)/c+2bp,lc-2apJc, if a # b. 

W(i,j) = - b’q,. 

Ha+co 
R(i) = t,, W,i) = ql. 

Ha-+0 

R(i) = W, -hX WJ) = 2(q, -4. 

O<Ha<a 

h, = I,(Ha), h, = II( H, = Ha/(Hah,-2h,). 

I 

I 
t, = I,(Har‘)J,(a+dr 

= (~ah,yO+ahOy,)/[(Ha)“+aZ] 
I 

q7 = 
I 

I,(Ha~)-)J,(ar)J,(b~)id~. 
0 

R(i) = HO(h,tt -ts), Wi) = HO(hOq, -q,). 

TRANSFERT THERMIQUE MAGNETOHYDRODYNAMIQUE DANS 
UN TUBE CIRCULAIRE AVEC UNE CONDITION A LA LIMITE 

DU TROISIEME ORDRE POUR LA TEMPERATURE 

R&urn&Pour etudier l’influence de la condition du troisi*me ordre, pour la tempkrature, sur le transfert 
thermique magnetohydrodynamique it I’entrte d’un tube circulaire. on r&out I’Cquation d’tnergie en 
appliquant la methode de Galerkin-Kantorowich du calcul variationnel. On suppose le profil de vitesse 
pleinement diveloppd et on neglige la gentration de chaleur dans le fluide. On conclut qu’il peut y avoir une 
influence sensible du nombre de Biot sur le nombre de Nusselt. Des rtsultats reprksentatifs sont donn6s dans 

des tables. 



MAGNETOHYDRODYNAMISCHE W.iiRMEUBERTRAGUNG IN EINEM 
KREISROHR FUR TEMPERATUR-RANDBEDINGUNGEN DRITTER ART 

Zusammenf’assung-bum den Einful3 der Temperatur-Randbedmgung dritrct- Art au1 die m~tgnetohqdro- 
dynamische Warmeiibertragung im therm&hen Einlaufgebiet eines Krelsrohrs zu untersuchen. wird die 
Energiegleichung mit dem Kantorowitsch-Galerkin-Verfahren der Variationsrcchnung gel&t. Die ausgebil- 
detc Geschwindigkeitsverteilung wird angenommen und die Wrirmeentwicklung im Fluid wird vernach- 
Ibssigt. Es wurde festgestellt, dalj es einen wesentlichen EinlluB dcr Biot Zahl auf die lokale Nusselt Zahl 

geben kann. Typische Ergebnissc sind in den Tahellen dargestcllt. 

MArHI4TOrI4~POAHHAMM=lECK~I? TEIlJlOOGMEH B KPYI-JLOM KAHAJIE llPM 
TEIIJlOBOM I-PAHMYHOM YCJIOBMM TPETbErO POAA 

AHHo’ramm-AAns MCCnen.OBaHRR B~W~HMR TennOBOrO rpaHwiHor0 ycnOB14n Tperber0 poila Ha 

MarHBTOrH~pOnRHaMHYeCKHfi TennOO6MeH Ha HaYanbHOM TcnnOBOM yqaCTKe KpyrflOrO KaHa,la 

pelllaeTCS ypaBHeHMe 3HcpTMM BapIiaUHOHHblM MeTOIlOM ranepKHHa-KaHTOpOBWia. npcjIFlO- 

naraeTcs,r~o npo@mb CKopoc~~mn~eTcfl nonHocTbm pa3BaThm. FeHepauAeii Tenna BXHAKOCTII 

npeHe6peraeTcs.HakneHo,YTO YHCnO 6HO MO)ICeT OKa3blBaTb 3Ha'iMTenbHOe BnCISIHUeHa nOKanbHOe 

YMCnO HyccenbTa. XapaKTepHblepe3ynbTaTblnpeacTaBneHblB Ta6nMuax. 


